Constant envelope (CE) precoding is an appealing transmission technique which enables highly efficient power amplification. In this paper, we consider a point-to-point multipleinput multiple-output (MIMO) system with CE precoding under frequency-flat fading, and investigate the joint transceiver design by exploiting multiple antennas at both the transmitter and the receiver, which has not been addressed in prior work. We consider both single-stream transmission (i.e., beamforming) and multi-stream transmission (i.e., spatial multiplexing). For single-stream transmission, we optimize the receive beamforming vector to minimize the symbol error rate (SER) for any given channel realization and desired constellation at the combiner output. By reformulating the problem as an equivalent quadratically constrained quadratic program, we propose an efficient semi-definite relaxation based algorithm to find an approximate solution. Next, for multi-stream transmission, we propose a new scheme based on antenna grouping at the transmitter and minimum mean squared error or zero-forcing based beamforming at the receiver. The transmit antenna grouping and receive beamforming vectors are then jointly designed to minimize the maximum SER over all data streams. Numerical results show that our proposed schemes for both single-and multistream transmissions achieve superior error-rate performances as compared with various benchmark schemes. Finally, the error-rate performances of our proposed single-versus multistream transmission schemes are compared via simulations under different setups, which provide useful insights to the transmission mode selection for CE-precoded MIMO systems.
I. INTRODUCTION
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Digital Object Identifier 10.1109/TCOMM.2017.2754486 communications [2] - [9] . Specifically, under the so-called perantenna CE constraint that restricts the equivalent complex baseband signal at each transmit antenna to have constant amplitude, CE precoding performs a mapping (which is generally nonlinear) from the desired information-bearing symbols to solely the transmitted signal phases at multiple antennas, based on the instantaneous channel state information (CSI). The transmitter architecture for realizing CE precoding is illustrated in Fig. 1 . CE precoding is advantageous compared to its non-CE counterparts since it leads to much better power amplifier (PA) efficiency. Specifically, with the use of practical non-ideal (e.g., raised-cosine) pulse shaping filters in the architecture shown in Fig. 1 , CE precoding feeds each PA with a quasi-CE continuous-time RF signal, which has a significantly lower peak-to-average power ratio (PAPR) compared to that in the case of non-CE precoding. Such quasi-CE signals require much smaller backoff when highly linear PAs (e.g., class-A and class-B PAs) are used, thus achieving higher efficiency; on the other hand, they lead to substantially reduced output distortion when highly efficient PAs (e.g., class-C and switched mode PAs) with nonlinear amplitude transfer functions are used [10] . The low PAPR of the quasi-CE signals also allows for the use of less expensive RF components with smaller dynamic range.
However, the aforementioned benefits of CE precoding come at the cost of transceiver signal processing design that is more challenging than those with the conventional averagebased sum power constraint (SPC) and per-antenna power constraint (PAPC) (see, e.g., [11] - [15] ), which are less restrictive. In [2] - [4] , a single-user multiple-input single-output (MISO) system with the per-antenna CE constraint is studied. It is shown in [2] and [3] that by varying the transmitted signal 0090-6778 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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phases, the noise-free signal at the receiver always lies in an annular region, whose boundaries are characterized by the instantaneous channel realization and per-antenna transmit power. Moreover, efficient CE precoding algorithms are proposed in [2] and [3] to find the nonlinear mapping from any desired received signal point within the annulus to the transmitted signal phases based on the instantaneous CSI. Furthermore, note that a desired receiver constellation is feasible for CE precoding in a MISO channel if and only if it can be scaled to lie in the annulus, such that the corresponding transmitted CE signals can be found for all the signal points in the desired constellation. Therefore, for a fading channel that yields a time-varying annulus, a fixed receiver constellation may not be always feasible, thus resulting in severe reliability degradation. To resolve this issue, both fixed-rate and variablerate adaptive receiver constellation designs are proposed in [4] for CE precoding in MISO fading channel.
In addition, CE precoding has been investigated in various multi-user systems. For MISO multicast systems with the common symbol for multiple users drawn from a given constellation, the joint optimization of transmitter CE precoding and receiver constellation scaling and rotation for symbol error rate (SER) minimization is studied in [5] . For large-scale MISO broadcast systems, efficient CE precoding algorithms are proposed in [6] and [7] for frequency-flat channels and in [8] for frequency-selective channels. It is shown that with a sufficiently large number of transmit antennas, arbitrarily low multi-user interference (MUI) power can be achieved at each user with the proposed schemes in [6] - [8] . As an extension to [8] , a low-complexity CE precoding scheme is proposed in [9] considering an additional constraint on the signal phase variation at each transmit antenna between consecutive channel uses, in order to reduce the spectral regrowth resulting from discrete phase changes. It is shown that the extra transmit power required for the proposed scheme in [9] to achieve the same transmission rate as that in [8] is small.
It is worth noting that although various CE precoding algorithms are proposed for single/multi-user MISO systems, transceiver design for CE precoding in MIMO systems by leveraging receive beamforming has not been addressed in existing literature to the best of our knowledge, which motivates our current work. In this paper, we study the transceiver design in a frequency-flat point-to-point MIMO system with CE precoding, assuming perfect CSI is available at both the transmitter and the receiver. 1 Both single-stream transmission (i.e., beamforming) and multi-stream transmission (i.e., spatial multiplexing) are considered. Our main contributions are summarized as follows:
• For single-stream transmission, motivated by the fact that the feasible region of the noise-free signal at the combiner (beamforming) output is an annulus whose boundaries are characterized by the channel realization and receive beamforming, we consider the problem of receive beamforming vector optimization to minimize the SER at the combiner output, for any given channel realization and 1 How to efficiently obtain the MIMO channel knowledge at the transmitter is an interesting problem, which is left for our future work. desired constellation at the combiner output. Specifically, by approximating the exact SER with its union bound, we formulate the equivalent problem of maximizing the minimum Euclidean distance (MED) between any two signal points at the combiner output while guaranteeing the feasibility of the constellation (i.e., it can be scaled to lie in the annulus), which is a non-convex problem and difficult to solve in general. We first show that this problem is feasible for any desired constellation at the combiner output if the rank of the channel matrix is no smaller than two, which always holds under our assumed full-rank MIMO channel with independent fading. Then, we introduce an auxiliary vector to reformulate this problem into an equivalent quadratically constrained quadratic program (QCQP). By applying the semi-definite relaxation (SDR) technique as well as our customized Gaussian randomization methods, we propose an efficient algorithm to find an approximate solution to the QCQP. • Next, for multi-stream transmission, CE precoding that maps the symbols of multiple data streams to the transmitted signal phase at each antenna generally needs to be jointly designed with the MIMO receiver, which is a complicated problem to solve in general, since the noisefree received signals for different data streams are coupled by the transmitted signal phases. To tackle this problem, we propose a new scheme based on transmit antenna grouping and minimum mean squared error (MMSE) or zero-forcing (ZF) based receive beamforming, which decouples the joint transceiver design problem for the multiple data streams to a set of parallel sub-problems, one for each data stream. The transmit antenna grouping and receive beamforming vectors are then jointly optimized to minimize the maximum SER over all data streams, subject to the constellation feasibility constraints. • Finally, it is shown by numerical results that for both single-and multi-stream transmissions, our proposed schemes outperform various benchmark schemes in terms of average error-rate. Furthermore, by comparing the error-rate performances of our proposed single-stream and multi-stream transmission schemes under various practical setups, useful insights are drawn on the optimal transmission mode selection for MIMO systems with CE precoding. The remainder of this paper is organized as follows. Section II introduces the system model of CE precoding for single-stream transmission and multi-stream transmission, respectively. Section III presents the receiver optimization problem for single-stream transmission and proposes an efficient solution. Section IV presents our scheme for the MIMO transceiver design for multi-stream transmission. Numerical results are provided in Section V to evaluate the performance of the proposed schemes. Finally, Section VI concludes the paper.
Notations: Scalars and vectors are denoted by lower-case letters and boldface lower-case letters, respectively. |z|, z * , arg{z} and Re{z} denote the absolute value, the conjugate, the angle and the real part of a complex scalar z, respectively. z p and z k denote the l p -norm and the kth element of a vector z, respectively. C M×N denotes the space of M × N complex matrices. I M denotes the M × M identity matrix, and 0 denotes an all-zero matrix with appropriate dimension. For an M × N matrix A, A T and A H denote its transpose and conjugate transpose, respectively; rank( A) and [ A] i, j denote the rank of A and the (i, j )-th element of A, respectively; the null space of A is defined as Null( A) = {x ∈ C N×1 : Ax = 0}. For a square matrix S, tr(S) denotes its trace, and S 0 means that S is positive semi-definite. The distribution of a circularly symmetric complex Gaussian (CSCG) random variable with mean μ and variance σ 2 is denoted by CN (μ, σ 2 ); and ∼ stands for "distributed as". max{x, y} and min{x, y} denote the maximum and the minimum of two real numbers x and y, respectively. E[·] denotes the expectation operator.
II. SYSTEM MODEL
Consider a point-to-point MIMO system with M t ≥ 2 antennas at the transmitter and M r ≥ 2 antennas at the receiver. We assume a quasi-static flat-fading environment where the complex baseband channel matrix denoted bỹ H ∈ C M r ×M t remains constant within each transmission block of our interest, and may vary from one block to another. For convenience, we assume the entries ofH are modeled by independent random variables, 2 thus we have rank(H) = min{M r , M t }, i.e.,H is a full-rank matrix, with probability one; while our proposed designs are applicable to arbitrary channel realizations. The baseband transmission is modeled bỹ
whereỹ ∈ C M r ×1 and x ∈ C M t ×1 denote the received and the transmitted signal vectors, respectively;ñ ∼ CN (0, σ 2 I M r ) denotes the M r × 1 CSCG noise vector at the receiver. We consider CE precoding at the transmitter, under the assumption thatH is perfectly known at both the transmitter and the receiver. As shown in Fig. 1 , we assume a total transmit power denoted by P, which is equally allocated to the M t transmit antennas. With CE precoding, the equivalent complex baseband signal at each transmit antenna is expressed as
where information is modulated in the transmitted signal
LetR denote the transmission rate in bits/second/hertz (bps/Hz). We assume that the transmitted bit sequence is demultiplexed into K , K ≤ min{M r , M t } data streams, each carryingR K bits. For convenience of modulation, we assumē R K is an integer. Each data stream is further assumed to be modulated with the same constellation denoted by S, which is of size N = 2R K . In the following, we present the transceiver model of the above system for the cases of single-stream transmission (i.e., K = 1) and multi-stream transmission (i.e., K ≥ 2), respectively. 2 Note that this includes a wide range of practical channel models, e.g., the independent and identically distributed (i.i.d.) Rayleigh fading channel which is suitable for the rich-scattering environment.
A. Single-Stream Transmission
For single-stream transmission with K = 1, we let u ∈ C M r ×1 denote the receive beamforming vector, which is assumed to be normalized such that u 2 = 1 without loss of generality. After applying the receive beamforming, the combiner output signal is given by
where u HH is the effective MISO channel from the transmitter to the combiner output, and n = u Hñ denotes the effective noise, whose distribution can be shown to be given by n ∼ CN (0, σ 2 ). Let d = u HH x = P M t u HH e j θ 1 , . . . , e j θ M t T denote the noise-free signal at the combiner output.
First, note that the constellation S is feasible at the combiner output if and only if there exists a scaling factor α > 0, such that any symbol point on αS can be mapped to CE signals at the transmitter, i.e., the following problem is feasible for any s ∈ S:
By generalizing the results in [2] and [3] for the MISO channel, the feasible region of d with a given u and θ i ∈ [0, 2π), ∀i can be shown to be given by
where
As a result of (5), S is feasible if and only if α > 0 exists such that αS ⊂ D(u), or equivalently,
Moreover, for any feasible S and the corresponding α, efficient CE precoding algorithms proposed in [2] and [3] can be used to find the solution to Problem (4) for any s ∈ S based on u HH , where the mapping from αs to x is generally nonlinear, in contrast to conventional linear precoding techniques. The details of these algorithms are omitted here for brevity. Therefore, the combiner output signal in (3) is equivalently represented by y = αs + n, s ∈ S.
Remark 1: It is worth noting that in order to maximize the signal power at the combiner output and yet meet the feasibility constraint of αS ⊂ D(u), we should set α = R(u) = P M t u HH 1 in (9) for any S that is feasible and satisfies max s∈S |s| = 1, such that the signal point with the largest amplitude in S lies on the outer boundary of D(u) at the combiner output. Note that for given channelH, D(u) as well as the feasibility of S depends on the receive beamforming vector u.
As a result, we are motivated to investigate the design of u based on the channel realizationH and desired constellation S, which will be detailed in Section III.
B. Multi-Stream Transmission
For multi-stream transmission with K ≥ 2, we let s k ∈ S denote the desired symbol for the kth data stream, and assume a linear receiver is used to decode s k 's. Specifically, let u k ∈ C M r ×1 denote the receive beamforming vector for decoding s k , which is assumed to be normalized such that u k 2 = 1 without loss of generality. Applying u H k to the received signal vector in (1) yields
where u H kH is the effective MISO channel from the transmitter to the combiner output of the kth data stream, and
. , e j θ M t T denote the noise-free signal received at the kth data stream. Note that d k 's are coupled with all θ i 's, which introduces the following challenges to the transceiver design:
• First, note that with given {u k } K k=1 , S is feasible for the K data streams if and only if there exists a set of scaling factors {α k : α k > 0} K k=1 , such that the following problem is feasible for any {s k : s k ∈ S} K k=1 :
However, this condition is in general difficult to verify when K > 1. In fact, it is hard to check the feasibility of Problem (11) even for given {α k , s k } K k=1 , since the jointly feasible region for
, ∀i } is difficult to characterize in general. Specifically, although by ignoring the other K − 1 data streams, the marginally feasible region of each d k defined as D k (u k ) = {d k ∈ C : θ i ∈ [0, 2π), ∀i } can be shown to be still an annular region similar as the case of single-stream transmission, d k 's for the K data streams may not be jointly feasible with each d k arbitrarily drawn from D k (u k ). • Second, even assuming S is verified to be feasible with given {u k } K k=1 , it is hard to find the mapping from desired {α k , s k } K k=1 to the transmitted signal phases {θ i } M t i=1 by solving Problem (11) , which is a non-convex problem and is more difficult to solve than Problem (4) for the case of K = 1. 3 • Third, note that both the feasibility of S and the CE precoding design depend on the receive beamforming vectors {u k } K k=1 . However, due to the lack of effective methods to deal with the above problems, it is difficult to formulate a problem to optimize {u k } K k=1 directly. To overcome these challenges, we propose a new scheme that decouples the CE precoding design for the K data streams, by adopting antenna grouping at the transmitter. Specifically, the transmit antennas are divided into K groups with equal size M t K , each assigned to the transmission of one data stream. For the purpose of exposition, we assume M t K is an integer in the sequel. 4 LetH k ∈ C M r × M t K denote the channel matrix from the transmit antennas in the kth group to the receiver. For convenience of illustration, we assume the grouping is based on antenna index, i.e., the first group consists of transmit antennas with indices 1 to M t K , and so on, which yields
, . . . ,h kM t K , withh i denoting the i th column vector ofH, while the results are directly extendible to other transmit antenna grouping cases which will be considered later in Section IV. Let
denote the transmitted signal vector for the kth group. (10) can be thus rewritten as
Note that the second term at the right-hand side (RHS) of (12) denotes the interference at the kth data stream from non-intended transmit antenna groups.
With (12), we redefine d k = u H kH k x k as the interferenceplus-noise-free received signal at the kth data stream. Notice that the set of d k 's are now decoupled, and the jointly feasible region for {d k } K k=1 can be now explicitly rewritten as
) and D k (u k )'s are similarly defined as in the above. Therefore, by following similar procedures as in the previous single-stream case, the feasibilities of S for the K data streams can be separately verified based on D k (u k )'s. In addition, given any feasible S for the K data streams and the corresponding {α k , s k } K k=1 , Problem (11) can now be solved by finding each x k that yields d k = α k s k separately for all k's; thus (12) is equivalently represented by
Moreover, there are in general two design criteria for {u k } K k=1 depending on how the interference term in (13) is treated, namely, MMSE and ZF. Details of the MMSE-and ZF-based receive beamforming will be presented in Section IV, where the joint design of the transmit antenna grouping and receive beamforming will be addressed as well.
III. RECEIVER OPTIMIZATION FOR SINGLE-STREAM TRANSMISSION

A. Problem Formulation
For single-stream transmission, our objective is to minimize the SER at the combiner output by optimizing the receive beamforming vector u for givenH and S. Note that since minimizing the exact SER, P s , is in general a difficult problem, we aim to minimize its union bound instead. We assume S is an equiprobable signal set and maximum likelihood (ML) detection is used at the combiner output to recover the signal point in S. Without loss of generality, we further assume max s∈S |s| = 1 for the rest of this paper. The union bound of P s is thus given by
where d c min = R(u)d min denotes the MED between any two signal points in the scaled constellation R(u)S at the combiner output, with d min denoting the MED of S [16] . As can be observed from (14), minimizing the union bound of P s is equivalent to maximizing d c min , for which we formulate the following optimization problem with givenH and S as
where τ = min s∈S |s| ∈ [0, 1], and the feasibility constraint of S given in (8) is explicitly expressed in (17) . Problem (P1) can be equivalently rewritten as
since it can be shown that u is optimal for Problem (P1) if and only if u is the optimal solution to Problem (P2), by noting that the constraint in (19) must be satisfied with equality by the optimal solution to Problem (P2). Note that Problem (P2) is a non-convex optimization problem since the constraints in (20) and (21) are non-convex. It is also worth noting that Problem (P2) without the constraint in (20) can be shown to be equivalent to the class of unimodular quadratic programs (UQPs) that are known to be NP-hard [17] . Moreover, it is non-trivial to extend the existing approaches for finding approximate solutions to the UQPs (e.g., algorithms based on SDR [17] , [18] or fixed-point iterations [19] ) to the case of Problem (P2), due to the new non-convex constraint in (20) . As a result, Problem (P2) is in general a difficult problem to solve.
In the following, we first study the feasibility of Problem (P2). Then, we provide an efficient algorithm based on SDR to find an approximate solution for this problem.
B. Feasibility of Problem (P2)
The feasibility of Problem (P2) can be verified by solving the following problem:
Specifically, any feasible solution to Problem (P2) is also a feasible solution to Problem (P2-F); on the other hand, for any feasible solution u to Problem (P2-F), u u 2 is a feasible solution to Problem (P2). Although Problem (P2-F) is in general difficult to solve due to the non-convex constraints, useful insights can be drawn by investigating its structure, as shown in the following proposition.
Proposition 1: Problem (P2) is feasible if rank(H) ≥ 2.
Proof: Please refer to Appendix A. Based on Proposition 1, Problem (P2) is always feasible under the assumed full-rank MIMO channel with rank(H) = min{M r ,M t } ≥ 2. Moreover, we provide the following lemma.
Lemma 1:
The optimal u f to the following problem is a feasible solution to Problem (P2):
Proof: Please refer to Appendix B. Based on Lemma 1, a feasible solution to Problem (P2) can be obtained by solving Problem (P2-FS). Note that Problem (P2-FS) with any given j ∈ {1, . . . , M t } is a convex optimization problem, which can be efficiently solved via existing software, e.g., CVX [20] . Thus, by first finding the optimal u f for each given j , the globally optimal u f can be easily obtained via one-dimensional search over j .
C. Proposed Solution to Problem (P2)
In the following, we study how to solve Problem (P2). First, we introduce an auxiliary vector p ∈ C M t ×1 with | p i | = 1, i = 1, . . . , M t . The objective function of Problem (P2) can be shown to be equivalently given by
For any given u, denote p (u) as the optimal solution to the problem on the RHS of (27), whose elements can be shown to be given by
With (27) and (28), we have the following proposition. Proposition 2: Problem (P2) is equivalent to the following problem:
Proof: Please refer to Appendix C. Problem (P3) can be shown to be a non-convex QCQP. Next, we propose a customized SDR-based algorithm for solving it. Specifically, we define w = [u T , p T ] T ∈ C (M r +M t )×1 , W = ww H and formulate the following problem:
with the i th column vector denoted by g i ; e i denotes the i th column vector of I M t . It can be shown that Problem (P3) is equivalent to Problem (P3-SDR) with the additional constraint of rank(W) = 1. Therefore, the optimal value of Problem (P3-SDR) is in general an upper bound on those of Problem (P3) and Problem (P2).
Problem (P3-SDR) is a semi-definite program (SDP), which can be efficiently solved via existing software, e.g. CVX [20] . Let W and (u , p ) denote the optimal solutions to Problem (P3-SDR) and Problem (P3), respectively. If rank(W ) = 1, our relaxation is tight and w = [u T , p T ] T can be obtained from the eigenvalue decomposition (EVD) of W . The optimal solution to Problem (P2) is thus obtained as u . Otherwise, for the case of rank(W ) > 1, we aim to extract an approximate solution to Problem (P2) from W , for which a commonly adopted approach is via the so-called Gaussian randomization method (see e.g., [18] and references therein). By customizing this method to our problem, we propose two randomization algorithms denoted by Rand u and Rand p , which are summarized in Algorithm 1 and Algorithm 2, respectively. Specifically, by noting that (20) or (21), setũ u = 0. 4 else 5 for l = 1 to L u do 6 Generateṽ (l) ∼ CN (0, W u 
. Ifũ (l) does not satisfy (20) or (21), setũ (l) = 0. 8 end 9 Set l = arg max l=1,...,L u ũ (l)HH 1 ,ũ u =ũ (l ) .
end
Obtainũ p as the optimal solution to Problem (P3) with given p =p. If Problem (P3) is infeasible with given p =p, setũ p = 0. 5 else 6 for l = 1 to L p do 7 Generate ξ (l) ∼ CN (0 
Obtainũ (l) as the optimal solution to Problem (P3) with given p =p (l) . If Problem (P3) is infeasible with given p =p (l) , setũ (l) = 0. Obtainũ f as the optimal solution to Problem (P2-FS). Obtainũ u andũ p via Algorithm 1 and Algorithm 2, respectively.
8 end may occur). Therefore, we propose to employ both Algorithm 1 and Algorithm 2 to findũ u andũ p , respectively, based on W ; while we also solve Problem (P2-FS) to find a feasible solution denoted byũ f . Then, an approximate solution to Problem (P2) is chosen fromũ u ,ũ p andũ f as the one that achieves the maximum objective value of Problem (P2). It is worth noting that sinceũ f is always a feasible solution to Problem (P2), the feasibility of the selected solution is guaranteed.
To summarize, we provide Algorithm 3, which finds an approximate solution to Problem (P2) denoted byũ. Note that u is always feasible for Problem (P2), and is optimal if its corresponding rank(W ) = 1.
IV. TRANSCEIVER OPTIMIZATION FOR MULTI-STREAM TRANSMISSION
For multi-stream transmission, our objective is to minimize the maximum SER over the K data streams, by jointly optimizing {u k } K k=1 and the transmit antenna grouping with giveñ H and S. First, we consider the optimization of {u k } K k=1 with given transmit antenna grouping, based on the MMSE or ZF criterion, respectively.
A. MMSE-Based Receive Beamforming
1) Problem Formulation: First, note that the inter-group interference at each of the kth data stream given by u H kH [−k] x [−k] = u H k j =kH j x j is a random variable, whose distribution is difficult to obtain since each x j is designed via a nonlinear mapping from α j s j based on u H jH j , as illustrated in Section II. For the purpose of analysis, in this subsection, we approximate the inter-group interference at the kth data stream by a Gaussian random variable with zero mean and variance
]. 5 Then, similar to the case of single-stream transmission, we approximate the SER at the kth data stream, P s (k), with an 5 Note that as the total number of interfering data streams K − 1 grows, the accuracy of this approximation increases due to the central limit theorem. On the other hand, the effectiveness of this assumption when K is small will be numerically validated later in Section V.
upper bound, which is given by
where (a) results from the SER union bound (recall that we assume max
2 2 holds due to the Cauchy-Schwarz inequality, and definingσ = σ K P(K −1) . Notice from (38) that minimizing the maximum SER over the K data streams is equivalent to independently minimizing the SER of each data stream, by solving the following optimization problem for every k ∈ {1, . . . , K }:
It is worth noting that for the kth data stream, the mean squared error (MSE) between the symbol estimateŝ k = y k α k and s k can be shown to be upper-bounded as
It can be observed that minimizing the SER upper bound shown in (38) by solving Problem (P4) is equivalent to minimizing the MSE upper bound shown in (43), thus we term this scheme as MMSE-based receive beamforming.
2) Feasibility and Proposed Solution of Problem (P4):
Next, note that Problem (P4) is feasible if and only if there exists u k such that the constraints in (40), (41) and (42) are satisfied, which is similar to the feasibility condition of Problem (P2) in the case of single-stream transmission. Therefore, similar to the proof of Proposition 1, Problem (P4) can be shown to be feasible if rank(H k ) ≥ 2, i.e., M t K ≥ 2 under the assumed full-rank MIMO channel. 6 6 It then follows that the number of data streams should satisfy K ≤ min M r , Mt 2 , which is expected since the degrees of freedom at the transmitter are reduced by half due to the stringent per-antenna CE constraint that fixes the amplitudes of the complex baseband signals.
Then, notice that Problem (P4) is a non-convex fractional program which is in general difficult to solve. However, by applying the Charnes-Cooper transformation [21] , Problem (P4) can be reformulated in a more tractable form, as shown in the following proposition.
Proposition 3: Problem (P4) is equivalent to the following problem:
Proof: Please refer to Appendix D. Furthermore, it is worth noting that Problem (P5) is similar to Problem (P2) in the case of single-stream transmission. Thus, by introducing an auxiliary vector p k ∈ C with each element satisfying | p ki | = 1, i = 1, . . . , M t K , Problem (P5) can be shown to be equivalent to the following problem:
The equivalence between Problem (P5) and Problem (P6) can be proved in a similar manner as for Proposition 2, by noting that the constraints in (45), (46) and (49) of Problem (P5) can be equivalently rewritten as that in (51) of Problem (P6). The detailed proof is thus omitted here for brevity. Accordingly, Problem (P4) can be equivalently solved by solving Problem (P6). Specifically, given the optimal v k to Problem (P6), the optimal solution to Problem (P4) can be shown to be given by
2 . Note that Problem (P6) is a non-convex QCQP. In the following, we apply the SDR technique for finding an approximate solution to Problem (P6) as well as Problem (P4).
and formulate the following problem:
with the i th column vector denoted by g ki ;
It can be shown that Problem (P6) is equivalent to Problem (P6-SDR) with the additional constraint of rank(W k ) = 1, thus the optimal value of Problem (P6-SDR) is in general an upper bound on those of Problems (P6) and (P4).
Problem (P6-SDR) is an SDP which can be efficiently solved via existing software, e.g., CVX [20] . Let W k and (v k , p k ) denote the optimal solutions to Problem (P6-SDR) and Problem (P6), respectively. If rank(W k ) = 1, our relaxation is tight, and b k = [v T k , p T k ] T can be obtained from the EVD of W k . The optimal solution to Problem (P4) is thus
Otherwise, for the case of rank(W k ) > 1, by noticing the similarity between Problem (P6) and Problem (P3), as well as that between Problem (P6-SDR) and Problem (P3-SDR), an approximate solution to Problem (P4) can be extracted from W k by applying the Gaussian randomization methods proposed in Section III (i.e., Rand u and Rand p ) with minor modification. It is also worth noting that a feasible solution to Problem (P4) can be always obtained by solving a similar problem as Problem (P2-FS). The overall algorithm for finding an approximate solution to Problem (P4) is similar to Algorithm 3 for Problem (P2) in the case of single-stream transmission, which is thus omitted here for brevity.
B. ZF-Based Receive Beamforming 1) Problem Formulation:
In this subsection, we consider the ZF-based receive beamforming, where the inter-group interference at each data stream is eliminated by designing {u k } K k=1 subject to the following constraints:
Note that the equalities in (59) have non-trivial solutions (i.e., u k = 0, ∀k) if and only if rank
+ 1 needs to be true, which is thus assumed in this subsection. 7 The structures of u k 's that satisfy (59) can be simplified as follows. Let the singular value decomposition (SVD) ofH
where U k ∈ C
being a diagonal matrix. Furthermore, 7 It is also worth noting that our results can be extended to the case of M r < Mt (K −1) K + 1, by switching off an appropriate number of transmit antennas.
V k ∈ C M r × (K −1)M t V. NUMERICAL RESULTS In this section, we provide numerical results to evaluate the performance of our proposed CE single-stream and multi-stream transmission schemes. We assume i.i.d. Rayleigh fading channel, i.e., the elements ofH are modeled by i.i.d. CSCG random variables with zero mean and unit variance, i.e., [H] i, j ∼ CN (0, 1) , ∀i, ∀ j . The average signal-to-noise ratio (SNR) is thus defined as SNR = P σ 2 . We assume S is an N-ary QAM constellation unless specified otherwise. The numbers of randomization trials for Rand u and Rand p are set as L u = 50 and L p = 50, respectively.
A. Single-Stream Transmission
1) Performance of Algorithm 3: First, note that the approximate solutionũ to Problem (P2) obtained by Algorithm 3 is optimal (i.e.,ũ = u ) if rank(W ) = 1, and suboptimal in general ifũ is chosen from {ũ f ,ũ u ,ũ p } otherwise. In Table I , we show the percentage of occurrence for the four possible outcomes ofũ over 10 4 independent channel realizations under various setups of M t and M r , with N = 16 or N = 64. For all setups, it is observed from Table I that the percentage of u = u is very large, which shows that it is most likely that the SDR is tight and Algorithm 3 finds the optimal solution to Problem (P2). On the other hand, it is observed that the chance ofũ =ũ f is zero under all setups. This suggests that using the two Gaussian randomization methods given in Algorithm 1 and Algorithm 2 with the given number of randomization trials suffices for finding a feasible solution to Problem (P2), which is generally better than that obtained by solving Problem (P2-FS). It is also observed that the solution in the case of rank(W ) > 1 can be eitherũ =ũ u orũ =ũ p in general, which shows that employing Algorithm 1 and Algorithm 2 jointly helps improve the performance.
Moreover, by denotingR P2 as the objective value of Problem (P2) with the approximate solutionũ and R P2 as the optimal value of Problem (P2), the quality of the approximate solution can be evaluated by checking the value ofR P2 R P2 , which is no greater than 1. Due to the difficulty for obtaining R P2 in general, we consider a lower bound of this value given byR P2
where R P3−SDR denotes the optimal value of Problem (P3-SDR). In Table I , we show the mean and standard deviation (std) ofR P2 R P3−SDR over 10 4 independent channel realizations, which are observed to be close to one and zero, respectively, under various setups. This indicates that even when rank(W ) > 1, the approximate solution obtained by Algorithm 3 is generally near-optimal.
2) Performance Comparison of Receive Beamforming Schemes: Next, we compare the performance of the proposed receive beamforming scheme with the following benchmark schemes:
• Antenna Selection (AS): In this scheme, the j th element in the receive beamforming vector is given by u j = 1 if j = j , and u j = 0 otherwise, with j denoting the optimal solution to the following problem: max whereh j denotes the transposed vector of the j th row ofH. Problem (67) can be easily solved via onedimensional search over j . If Problem (67) is infeasible, we set j = arg max j =1,...,M r h j 1 .
• Strongest Eigenmode Beamforming (SEB): In this scheme, the receive beamforming vector is obtained as the optimal solution to the following problem:
which can be shown to be the eigenvector corresponding to the maximum eigenvalue ofHH H .
In Fig. 3 3 ) may be infeasible for CE precoding if the resulting receive beamforming vector u does not satisfy the constraint in (20) , while our proposed scheme is always feasible (as a consequence of Proposition 1).
Moreover, we show in Fig. 3 the average SERs of AS and SEB with 16-PSK (phase shift keying) constellation with min s∈S |s| = τ = 1, which are always feasible since the constraint in (20) can be shown to be always satisfied with any u. It is observed that SEB with 16-PSK has an SNR loss of 1.73dB compared with our proposed scheme at the average SER of 10 −4 for the case of M t = 2, M r = 4, which is increased to 2.03dB for the case of M t = M r = 4; while AS with 16-PSK achieves even worse performance compared to SEB with 16-PSK for both cases. Furthermore, we also show in Fig. 3 the average SERs of AS and SEB with hybrid 16-QAM/16-PSK constellations, where the constellation S at the combiner output is adaptively switched to 16-PSK if AS or SEB is infeasible with 16-QAM, thus ensuring the feasibility of these schemes. It is observed that our proposed scheme outperforms AS and SEB with hybrid 16-QAM/16-PSK under both setups. This implies that compared to using adaptive receiver constellation which requires additional implementation complexity, our proposed design of receive beamforming is a more cost-effective method for guaranteeing the feasibility of CE single-stream transmission and also achieves better average SER performance. Fig. 4 the average bit error rate (BER) of the proposed MMSE-based and ZF-based CE multi-stream transmission schemes, respectively, under three setups: i)R = 2bps/Hz, M t = M r = 4; ii)R = 8bps/Hz, M t = M r = 4; and iii)R = 8bps/Hz, M t = M r = 8, respectively. Note that we consider K = 2 under the first two setups with M t = M r = 4, and both K = 4 and K = 2 under the third setup with M t = M r = 8, which can be shown to be feasible according to the results in Section IV. To evaluate the effect of the Gaussian approximation of interference signals in the MMSE-based receive beamforming design, we also show in Fig. 4 (b) the average BER upper bound derived from (38) under the Gaussian approximation for the case ofR = 8bps/Hz, M t = M r = 4 and K = 2, where the BER upper bound for the kth data stream is given
B. Multi-Stream Transmission 1) Performance Comparison of CE Multi-Stream Transmission Schemes: First, we show in
It is observed from Fig. 4(b) that our simulated average BER for the MMSE-based receive beamforming scheme based on the exact interference signals is close to this upper bound, which thus validates the effectiveness of the Gaussian interference approximation. Furthermore, it is observed that under 9 Note that we replace the term N − 1 in front of the Q-function in (38) with the average number of nearest neighboursN neighbour = 3 for better tightness of the SER upper bound [16] , which, however, does not influence the MMSE-based receive beamforming design. all three setups and for any value of K , the MMSE-based multi-stream transmission scheme outperforms the ZF-based scheme for all SNR values. Specifically, at the average BER of 10 −3 , the SNR gain of the MMSE-based scheme over the ZF-based scheme is 2.10dB and 1.05dB for the first two setups, respectively, and 2.18dB for the third setup with K = 4. This can be explained by noting that the ZF-based scheme in general yields a suboptimal solution to Problem (P4) for the MMSE-based scheme.
Then, note that a CE precoding algorithm has been proposed in [6] for the case of large-scale multi-user MISO broadcast channels, which aims to minimize the multi-user suminterference power at the multiple user receivers. Notice that with given receive beamforming vectors {u k } K k=1 , the MIMO channel considered in this paper is equivalent to a K -user MISO broadcast channel, for which the interference minimization (IM) based CE precoding algorithm proposed in [6] is applicable. For comparison, we show in Fig. 4 the average BER of the following benchmark schemes with the IM-based CE precoding and different receive beamforming schemes for the case of K = 2 under the three setups, respectively.
• Antenna Subset Selection (ASS)-based IM: In this scheme, K antennas are selected from the M r receive antennas, each for receiving the information from one data stream, i.e., the j th element in u k is given by u kj = 1 if j = I k , and u kj = 0 otherwise, with I k denoting the optimal index of the receive antenna selected for the kth data stream. {I k } K k=1 is obtained via exhaustive search as the one that achieves the best performance according to [6] . • SEB-based IM: In this scheme, u k is obtained as the eigenvector corresponding to the kth largest eigenvalue ofHH H . 10 It is observed from Fig. 4 that for the case ofR = 2bps/Hz and M t = M r = 4, the above two benchmark schemes are outperformed by our proposed MMSE-based scheme for all SNR values, and by our proposed ZF-based scheme in the moderate-to-high SNR regime; while for the other two cases, our proposed MMSE-and ZF-based schemes achieve superior performance compared to these benchmark schemes for almost all SNR values. It is also observed that the performance gains of our proposed schemes over the benchmark schemes are increasingly pronounced as the transmission rate grows. These results show that our proposed schemes based on transmit antenna grouping are more suitable than the IM-based schemes for small-to-moderate antenna sizes, where the spatial degrees of freedom at the transmitter are not sufficient for the joint CE precoder design with multiple streams to achieve effective interference suppression. 11 Furthermore, note that the IM-based schemes are also applicable to the case of singlestream transmission with K = 1, where the CE precoding 10 Note that for both the ASS-based and the SEB-based IM schemes, we apply the optimal constellation scaling factors {α k } K k=1 for the K data streams that maximize the minimum signal-to-interference-plus-noise ratio (SINR) over the K data streams, which are obtained via exhaustive search. 11 It is worth noting that an important direction of future work is to investigate the exact antenna number regimes that our proposed schemes are more preferable than the IM-based schemes.
vector is designed to minimize the difference between the noise-free signal at the combiner output and the desired signal. In Fig. 4 , we show the average BER of our proposed CE single-stream transmission scheme and that of the SEB-based IM scheme with K = 1. It is observed that our proposed scheme also outperforms the SEB-based IM scheme in single-stream transmission, which indicates that our proposed receive beamforming design by taking into account the constellation feasibility constraint is more effective compared to the IM-based transmitter precoding with conventional receive beamforming.
2) Performance Comparison of CE Multi-Stream Versus Single-Stream Transmission Schemes: Finally, with given transmission rate, we investigate the effect of K on the BER performance of our proposed schemes in order to draw insights for selecting the optimal transmission mode in practice. From Fig. 4(a) and (b) with M t = M r = 4, it is observed that at the average BER of 10 −3 , the proposed singlestream transmission scheme has an SNR gain of 3.04dB over the MMSE-based multi-stream scheme for the case ofR = 2bps/Hz, but suffers from an SNR loss of 4.07dB compared to the ZF-based multi-stream scheme for the case ofR = 8bps/Hz; moreover, for the case ofR = 8bps/Hz, the proposed single-stream scheme eventually outperforms the two multistream schemes as the SNR grows. Similarly, it is observed from Fig. 4(c) that the MMSE-and ZF-based schemes with K = 4 outperform those with K = 2, respectively, in the moderate-SNR regime; while the reverse is true in the high-SNR regime. Note that similar behavior is also observed by comparing the performance of the SEB-based IM scheme for the cases of K = 2 and K = 1. This reveals that a large K (i.e., multiplexing a large number of data streams) is preferable in the high-rate regime with moderate SNR, by exploiting more multiplexing gain of the MIMO channel; while a small K is suitable for the low-rate and/or high-SNR regime, by extracting more beamforming gain from the MIMO channel.
VI. CONCLUSION
This paper investigated the transceiver design for a frequency-flat point-to-point MIMO system with CE precoding. For single-stream transmission, we studied the receive beamforming optimization problem for any channel realization and desired constellation at the combiner output, to maximize the MED between any two signal points at the combiner output subject to the feasibility constraint of the constellation. We showed that this problem is always feasible for full-rank MIMO channels, and proposed an efficient algorithm based on SDR to find an approximate solution. The proposed receive beamforming scheme was shown to significantly outperform other benchmark schemes in terms of average SER. For multistream transmission, a new scheme adopting transmit antenna grouping and receive MMSE-or ZF-based beamforming was proposed. The joint design of the transmit antenna grouping and receive beamforming was further optimized to minimize the maximum SER over all data streams subject to the constellation feasibility constraints. Numerical results showed that the MMSE-based receive beamforming outperforms the ZF-based receive beamforming, and our proposed scheme based on transmit antenna grouping achieves superior average BER performance compared to various benchmark schemes. Finally, by comparing the performance of our proposed singleversus multi-stream transmission schemes, it was shown that for fixed transmission rate, it is desirable to transmit with a large number of data streams in the high-rate and moderate-SNR regime, and a small number of data streams in the low-rate and/or high-SNR regime. An interesting future work direction is to extend the results in this paper for the more general setups with frequency-selective fading channels and/or multi-user MIMO systems.
shown to be a feasible solution to Problem (P2-F) according
